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ALGEBRAS WHOSE COXETER POLYNOMIALS ARE PRODUCTS
OF CYCLOTOMIC POLYNOMIALS.
JOSE´ A. DE LA PEN˜A
Abstract. Let A be a finite dimensional algebra over an algebraically closed field
k. Assume A is basic connected with n pairwise non-isomorphic simple modules. We
consider the Coxeter transformation φA as the automorphism of the Grothendieck
group K0(A) induced by the Auslander-Reiten translation τ in the derived category
Der(modA) of the module category modA of finite dimensional left A-modules. We
say that A is an algebra of cyclotomic type if the characteristic polynomial χA of
φA is a product of cyclotomic polynomials. There are many examples of algebras
of cyclotomic type in the representaton theory literature: hereditary algebras of
Dynkin and extended Dynkin types, canonical algebras, some supercanonical and
extended canonical algebras. Among other results, we show that: (a) algebras
satisfying the fractional Calabi-Yau property have periodic Coxeter transformation
and are, therefore, of cyclotomic type, and (b) algebras whose homological form hA
is non-negative are of cyclotomic type. For an algebra A of cyclotomic type we
describe the shape of the Auslander-Reiten components of Der(modA).
1. Introduction.
Assume throughout the paper that k is an algebraically closed field. Let A be a
triangular finite dimensional k-algebra, that is, we assume that the quiver QA of A
has no oriented cycles. Hence A has finite global dimension. In this case, a theorem
of Happel [11] asserts that the bounded derived category Der(A) = Derb(modA) of
the category modA of finite dimensional (left) A-modules has Serre duality of the
form
Hom(X, Y [1]) = Hom(Y, τX)
where τ is a self-equivalence of Der(A). In particular, Der(A) has almost-split tri-
angles and the equivalence τ serves as the Auslander-Reiten translation of Der(A).
In this setting, the Grothendieck group K0(A), formed with respect to short exact
sequences, is naturally isomorphic to the Grothendieck group of the derived cate-
gory, formed with respect to exact triangles. The Coxeter transformation φA is the
automorphism of the Grothendieck group K0(A) induced by the Auslander-Reiten
translation τ in the derived category Der(A). The characteristic polynomial χA(T )
of φA is called the Coxeter polynomial of A, and denoted simply χA. It is a monic
and self-reciprocal polynomial, i.e. χA(T ) = T
nχA(
1
T
) = a0 + a1T + a2T
2 + . . . +
an−2T n−2 + an−1T n−1 + anT n ∈ Z[T ], where a0 = 1 = an. Sometimes, for the sake of
clarity, we write ai(A) for these coefficients.
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Consider the roots λ1(A), . . . , λn(A) of χA, the so called spectrum of A. There is
a number of measures associated to the absolute values |λ| for λ in the spectrum
Spec(φA) of A. Three important measures are the following: the spectral radius
of A is defined as ρA = max {|λ| : λ ∈ Spec(φA)}, the Mahler measure of φA is
M(φA) =
∏n
i=1max{1, |λi|} and the energy function of φA is e(φA) =
n∑
i=1
|λi(A)|. In
Section 2 we show that always e(φA) ≥ n. Due to a celebrated Kronecker’s theorem,
we prove the following result.
Theorem 1. Let A be a triangular algebra. The folllowing statements are equivalent:
(1) |λi(A)| ≤ 1, for all 1 ≤ i ≤ n;
(2) |λi(A)| = 1, for all 1 ≤ i ≤ n;
(3) ρA = 1;
(4) M(φA) = 1;
(5) e(φA) = n
(6) χA(T ) factorizes as product of cyclotomic polynomials.
An algebra A satisfying these equivalent conditions is said to be of cyclotomic type.
The following finite dimensional algebras are known (or shown) to be of cyclotomic
type:
(1) hereditary algebras of finite or tame representation type;
(2) tensor products of algebras of cyclotomic type;
(3) quotient algebras An(3) of the linear quiver
1
x // 2
x // · · · x // n
with relations x3 = 0, for n even and many instances of n odd;
(4) all canonical algebras;
(5) (some) extended canonical algebras;
(6) (some) algebras whse module category is derived equivalent to categories of
coherent sheaves;
(7) algebras whose homological bilinear form is non-negative.
One of the purposes of this work is to show that several of the common properties of
these classes of algebras are a consequence of the cyclotomic condition, see Sections
2, 5 and 6 for details.
Recall that a triangular algebra A is said to be p
q
-Calabi-Yau for integers q ≥ 1
and p ∈ Z if Sq = [p] in the derived category Der(A), where S = τ ◦ [1]. We show
that algebras satisfying the fractional Calabi-Yau property have periodic Coxeter
transformation and are, therefore, of cyclotomic type, see Sections 2 and 5.
Along this work we explore the structure of the Auslander-Reiten quiver ΓA of the
derived category of an algebra A of cyclotomic type. We introduce the class quiver
[ΓA] of A formed by the quotients [C] of components C of ΓA, obtained by identifying
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X, Y ∈ C if [X ] = [Y ] in K0(Der(A)). Among other results we prove the following
theorem.
Theorem 2. Let A be a triangular algebra with n non-isomorphic simple modules
and χA =
∏
m∈M Φ
e(m)
m be an irreducible decomposition of its Coxeter polynomial. Let
ΓA be the Auslander-Reiten quiver of the derived category Der(A). Then the following
holds:
(a) if A satisfies the fractional Calabi-Yau property then φA is periodic;
(b) every component of the class quiver [ΓA] is a tube if and only if φA is periodic.
If φA is periodic then A is of cyclotomic type and
(c) the period is l.c.m.{φ(m) : m ∈M}, where φ(−) is Euler’s totient function;
(d) every component of Γ is either a tube ZA∞/(p) of finite period p where p = φ(m)
for some m ∈ M or of the form Z∆ for ∆ a Dynkin or extended Dynkin diagram or
of one of the shapes A∞, A∞∞ or D∞. Moreover,
(e) if p1, . . . , ps are the periods > 1 of non-homogeneous tubes in [Γ] then
s∑
i=1
pi ≤ n.
Along the paper, we freely use specialized terminology: tame algebras, wild al-
gebras, linear growth, polynomial growth, pg-critical, and others. We refer read-
ers to the list of references where all these and related concepts are explained, see
[1, 25, 32, 35]. Results contained in this work were presented in conferences at Banff,
Canada (2010), Bielefeld, Germany and Guanajuato, Me´xico (2012).
2. The spectrum of algebras of cyclotomic type
2.1. If the spectrum of A lies in the unit disk, then all roots of χA(T ) lie on the unit
circle, hence A has spectral radius ρA = 1. More precisely, we recall the following
famous theorem of Kronecker.
Theorem. [18] Let f be a monic integral polynomial whose spectrum is contained in
the unit disk. Then all roots of f are roots of unity or 0. Equivalently, f factors into
cyclotomic polynomials and Tm, for some integer m ≥ 0.
2.2. We recall some facts on cyclotomic polynomials.
The n-cyclotomic polynomial Φn is inductively defined by the formula
T n − 1 = ∏
d|n
Φd(T ).
The roots of Φn are primitive φ(n)-roots of unity, where φ(−) denotes Euler’s totient
function.
The Mo¨bius function is defined as follows:
µ(n) =
{
0 if n is divisible by a square
(−1)r if n = p1, . . . pr is a factorization into distinct primes.
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A more explicit expression for the cyclotomic polynomials is given by:
Lemma. For each n ≥ 2, we have
Φn =
∏
1≤d<n
d|n
v
µ(d)
n/d

In the lemma, we set vn = 1+ T + T
2+ . . .+ T n−1. Note that vn has degree n− 1.
2.3. A path algebra k∆ is said to be of Dynkin type if the underlying graph |∆| of ∆
is one of the ADE-series, that is, of type, An,Dn, for some n ≥ 1 or Ep, for p = 6, 7, 8.
The corresponding factorization of the Coxeter polynomial χk∆ is as follows.
Dynkin star v-factorization cyclotomic Coxeter
type symbol factorization number
An [n] vn+1
∏
d|n,d>1
Φd n+ 1
Dn [2, 2, n − 2] v2 (v2vn−2)
(v2vn−2)vn−1
v2(n−1) Φ2
∏
d|2(n−1)
d 6=1,d 6=n−1
Φd 2(n − 1)
E6 [2, 3, 3]
v2v3(v3)
(v3)v4v6
v12 Φ3Φ12 12
E7 [2, 3, 4]
v2v3(v4)
(v4)v6v9
v18 Φ2Φ18 18
E8 [2, 3, 5]
v2v3v5
v6v10v15
v30 Φ30 30
In the column ‘v-factorization’, we have added some extra terms in the nominator
and denominator which obviously cancel.
Inspection of the table shows the following result:
Proposition. Let k be an algebraically closed field and A be a connected, hereditary k-
algebra which is representation-finite. Then the Coxeter polynomial χA(T ) determines
A up to derived equivalence.
2.4. Let A be the path algebra of a hereditary star [p1, . . . , pt] with respect to the
standard orientation, for instance
◦ ◦
◦
OO
◦
??⑦⑦⑦⑦
[2, 3, 3, 4] : ◦ ◦oo
OO
//
AA✂✂✂✂✂ ◦ // ◦ // ◦.
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Since the Coxeter polynomial χA does not depend on the orientation of A we will
denote it by χ[p1,...,pt]. It follows from [25, Prop. 9.1] that
(1) χ[p1,...,pt] =
t∏
i=1
vpi
(
(T + 1)− T
t∑
i=1
vpi−1
vpi
)
.
In particular, we have an explicit formula for the sum of coefficients of χ[p1,...,pt] as
follows:
n∑
i=0
ai = χ[p1,...,pt](1) =
t∏
i=1
pi
(
2−
t∑
i=1
(1− 1
pi
)
)
.
This special value of χ = χ[p1,...,pt] has a specific mathematical meaning: up to the
factor
∏t
i=1 pi this is just the orbifold-Euler characteristic of a weighted projective
line X of weight type (p1, . . . , pt). Moreover,
(1) χ(1) > 0 if and only if the star [p1, . . . , pt] is of Dynkin type, correspondingly
the algebra A is representation-finite.
(2) χ(1) = 0 if and only if the star [p1, . . . , pt] is of extended Dynkin type, corre-
spondingly the algebra A is of tame (domestic) type.
(3) χ(1) < 0 if and only if [p1, . . . , pt] is not Dynkin or extended Dynkin, corre-
spondingly the algebra A is of wild representation type.
To complete the picture, we consider the cyclotomic factorization of the extended
Dynkin quivers without oriented cycles. Observe that, in one case, the Coxeter poly-
nomial depends on the orientation: If p (resp. q) denotes the number of arrows in
clockwise (resp. anticlockwise) orientation (p, q ≥ 1, p+ q = n+1), that is, the quiver
has type A˜(p,q), the Coxeter polynomial is χ(p,q) = (T − 1)2 vpvq..
The next table displays the v-factorization of extended Dynkin quivers.
extended Dynkin type star symbol weight symbol Coxeter polynomial
A˜p,q — (p, q) (T − 1)2vp vq
D˜n, n ≥ 4 [2,2,n-2] (2, 2, n− 2) (T − 1)2v22vn−2
E˜6 [3, 3, 3] (2, 3, 3) (T − 1)2v2v23
E˜7 [2, 4, 4] (2, 3, 4) (T − 1)2v2v3v4
E˜8 [2, 3, 6] (2, 3, 5) (T − 1)2v2v3v5
The above remark on representation-finite hereditary algebras extends to the tame
hereditary case. That is, the Coxeter polynomial of a connected, tame hereditary k-
algebra A (k algebraically closed) determines the algebra A up to derived equivalence.
This is no longer true for wild hereditary algebras, not even for trees.
6 JOSE´ A. DE LA PEN˜A
2.5. Recall that χA is a self-reciprocal polynomial, that is, T
nχA(
1
T
) = χA(T ). More-
over, it was shown in [25] that χA(−1) is the square of an integer.
These conditions prevent many polynomials of being Coxeter polynomials of an
algebra. For instance, the cyclotomic polynomials Φ4, Φ6, Φ8, Φ10. Moreover, the
polynomial f(T ) = T 3 + 1, which is the Coxeter polynomial of the non simply-laced
Dynkin diagram B3, does not appear as the Coxeter polynomial of a triangular algebra
over an algebraically closed field, despite the fact that f(−1) = 0 is a square, see [25].
2.6. The homological quadratic form hA is the symmetrization of the inverse Cartan
matrix CA associated to the algebra A, that is hA(x) = x
T (C−1A + C
−T
A )x for x ∈
K0(A). Write 〈u, v〉 = uTC−1A v which yields a (non-symmetric) non-degenerated
bilinear form, that is, if 〈u, v〉 = 0 for a fixed u and all v then u = 0. Mooreover
〈x, φA(y)〉A = −〈y, x〉A. Therefore φA = −C−tA CA.
For any two A-modules X, Y , with classes dim X,dim Y in the Grothendieck
group K0(A) we get 〈dim X,dim Y 〉A =
∞∑
j=0
(−1)jdimkExtjA(X, Y ).
Consider the quadratic form hA(x) = 〈x, x〉. It is shown in [33] that properties of
hA characterize the representation behavior of A. Indeed, hA is positive definite (resp.
non-negative of corank 1) if and only if A is derived equivalent to the path algebra
k∆, where ∆ is a quiver with underlying graph a Dynkin diagram (resp. extended
Dynkin diagram). There are algebras A with hA non-negative of arbitrary corank.
Lemma. If u (resp. v) is an eigenvector of φA with eigenvalue λ (resp. µ) such that
λ 6= µ−1 then 〈u, v〉 = 0. Moreover, if λ 6= −1 then hA(u) = 0.
Proof. Assume C−tA u = −λC−1A u and C−tA v = −µC−1A v. Then
〈v, u〉 = vtC−tA u = −λvtC−1A u = λµvtC−tA u
and the first claim follows. Moreover if λ2 6= 1 then hA(u) = 0. The case λ = 1 yields
〈u, u〉+ 〈u, u〉 = 0 or equivalently, hA(u) = 0. 
2.7. For an algebra A and a finite-dimensional right A-module M we call
A[M ] =
[
A 0
M k
]
the one-point extension of A by M , see [35]. This construction provides an order to
deal inductively with triangular algebras.
For A = B[M ], Happel’s long exact sequence [11] relates the Hochschild cohomol-
ogy groups H i(A) and H i(B) in the following way:
0→H0(A)→H0(B)→EndB(M)/k→H1(A)→H1(B)→Ext1B(M,M)→H2(A)→· · ·
Therefore, if M is exceptional we get H i(A) = H i(B), for i ≥ 0, and moreover, the
cohomology rings H∗(A) and H∗(B) are isomorphic. More general, if A is accessible
from B, that is, there exists a chain of algebras A1 = B,A2, . . . , As = A such that
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Ai+1 is a one-point extension or coextension of Ai by an exceptional Ai-module Mi,
then there is a ring isomorphism H∗(A) ∼= H∗(B). In particular, if A is accessible
(from k) then H i(A) = 0 for i > 0 and H0(A) = k.
An important expression for the linear term of χA(T ) was shown in [11] as: a1 =
n∑
i=0
(−1)idimkH i(A).
2.8. Accessible algebras. Following [27], for an algebra B we say that A is accessible
from B if there is a sequence B = B1, B2, . . . , Bs = A of algebras such that each Bi+1
is a one-point extension (resp. coextension) of Bi for some exceptional Bi-moduleMi.
As a special case, a k-algebra A is called accessible if A is accessible from k. By
construction, each accessible algebra A is connected, moreover the indecomposable
projective A-modules can be arranged to form an exceptional sequence (P1, . . . , Pn),
that is, ExtiA(Pj , Ps) = 0 for every j > s and i ≥ 0. In particular, the quiver of an
accessible algebra A has no loops or oriented cycles (we say that A is triangular) and
therefore A has finite global dimension.
If not stated otherwise we shall assume that an algebra A is defined over k and
connected, that is, its quiver is connected. Many well-known examples of algebras are
accessible: hereditary algebras of tree type, more generally tree algebras, canonical
algebras with three weights, poset algebras without crowns, representation-finite alge-
bras with vanishing first Hochschild cohomology of global dimension ≤ 2. Moreover,
extended canonical algebras with three weights and certain supercanonical algebras
also are accessible. The construction of towers of algebras A = An, An−1, . . . , A1 = k
where each algebra Ai+1 is a one-point extension or coextension of Ai by an ex-
ceptional module Mi, for i = 1, . . . , n − 1 allows to perform informative inductive
procedures. For instance, every accessible algebra A has vanishing Hochschild coho-
mology H i(A) = 0, for i > 0 and H0(A) = k. Also, for any tree algebra A such
an inductive procedure yields that the Coxeter polynomial takes values 0 or 1 when
evaluated at −1.
2.9. The Calabi-Yau property. Let T be a triangulated category with Serre func-
tor S, that is, we have functorial isomorphisms
DHom(X, Y ) ∼= Hom(Y, SX)
for X, Y ∈ T.
Denote by [1] the suspension functor on T. If τ is the Auslander-Reiten translation
in T, then S = τ ◦ [1]. The category T is said to be p
q
-Calabi-Yau for integers q ≥ 1
and p ∈ Z if Sq = [p]. If additionally q is chosen minimal, then we say that T has
Calabi-Yau dimension p
q
. Notation: CY-dim T = p
q
.
Example: Let E be a smooth elliptic curve. Then the category cohE of coherent
sheaves on E has Serre duality in the form DExt1(X, Y ) = Hom(Y,X), yielding τ = 1
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and S = [1]. Thus cohE is Calabi-Yau of dimension 1
1
. In this case we say that cohE
is CY.
The following is well-known.
Lemma. Assume that the triangulated category T is p
q
-Calabi-Yau. Let σ be the k-
linear automorphism of the Grothendieck group K0(T) induced by the Serre functor
S. Then the following holds:
(a) σ2q = 1;
(b) φ2q = 1, where φ = −σ is the Coxeter transformation.
Proof. Use that the suspension [1] induces on K0(T) the map −id. 
2.10. We say that an algebra A is p
q
-Calabi-Yau (or A satisfies the CY-property)
if Der(modA) has the corresponding property. The remarks above show that if A
satisfies the CY-property then φA is periodic, that is, φ
r
A = id, for some r ≥ 1. More
generally, we have the following result.
Theorem. The following conditions are equivalent for A:
(1) φA is periodic;
(2) A is of cyclotomic type and φA is diagonalizable;
(3) assume that χA =
∏
m∈M Φ
e(m)
m for some subset M of N and integers e(m) ≥ 1,
then φA has period l.c.m.{φ(m) : m ∈M}.
Proof. (1) implies (2): Consider the Jordan block decomposition Jn1(µ1)⊕. . .⊕Jns(µs)
of φA. The r-th power of a block Jm(µ)
r is the identity if and only if m = 1 and
µr = 1. Hence if φA is periodic then n1 = . . . = ns = 1 and A is of cyclotomic type.
(2) implies (1): Conversely, assume P is an invertible matrix such that PφAP
−1 =
diag(λ1, . . . , λn) and λ
r
s = 1, for all s = 1, . . . , n. Then Pφ
r
AP
−1 = (PφAP−1)r = idn
and φrA = P
−1P = idn.
(3) implies (1) is clear. (1) implies (3): consider φA as an operator of the n-
dimensional complex vector space V . For λ an eigenvalue of φA there is a set of
eigenvectors B(λ) of λ such that
⋃
λB(λ) is a basis of V . Moreover, for λ there is
some m(λ) ∈M such that Φm(λ)(λ) = 0. In particular, λφ(m(λ)) = 1.
Set r = l.c.m.{φ(m) : m ∈ M} then for u ∈ B(λ) we have r = φ(m(λ))r′ and
φrA(u) = (λ
φ(m(λ)))r
′
u = u, that is, φrA = idV . 
3. Measures for χA
3.1. The spectral radius of a Coxeter transformation. Let A be a basic finite
dimensional k-algebra with k an algebraically closed field. We assume A = kQ/I for
a quiver Q without oriented cycles and I an ideal of the path algebra. The following
facts about the Coxeter transformation φA of A are fundamental:
(i) Let S1, . . . , Sn be a complete system of pairwise non-isomorphic simple A-
modules, P1, . . . , Pn the corresponding projective covers and I1, . . . , In the injective
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envelopes. Then φA is the automorphism of K0(A) defined by φA[Pi] = −[Ii], where
[X ] denotes the class of a module X in K0(A).
(ii) For a hereditary algebra A = kQ, the spectral radius ρA determines the repre-
sentation type of A in the following manner:
• A is representation-finite if 1 = ρA is not a root of the Coxeter polynomial.
• A is tame if 1 = ρA ∈ Spec(φA).
• A is wild if 1 < ρA. Moreover, if A is connected, Ringel [36] shows that the
spectral radius is a simple root of χA. Then Perron-Frobenius theory yields a vector
y+ ∈ K0(A)⊗Z R with positive coordinates such that φAy+ = ρAy+.
3.2. The energy of a matrix. Let A be an algebra and λ1, . . . , λn be the eigenvalues
of the Coxeter transformation φA = (fst)1≤s,t≤n. We may assume that |λ1| ≤ |λ2| ≤
. . . ≤ |λn| = ρA.
We recall that the singular eigenvalues of φA are the non-negative square roots of
the eigenvalues of the symmetric matrix φTAφA, which is positive semidefinite. We
may assume that the singular eigenvalues are
0 ≤ σ1 ≤ σ2 ≤ . . . ≤ σn
The following holds,
(a) σi ≥ |λi|, for all i = 1, . . . , n
(b)
n∑
i=1
|λi|2 ≤ tr (φtAφA) =
n∑
i=1
σ2i =
n∑
s,t=1
|fst|2, equality holds if and only if φA is
normal. We write
||φA||2 =
n∑
i=1
σ2i =
n∑
s,t=1
|fst|2
Theorem. The following inequatilities hold:
n ≤ e(φA) ≤
√
n ||φA|| ≤ nρA
Moreover, A is of cyclotomic type if and only if any of the equalities hold.
Proof. We start considering the first lower bound. Let λ be an eigenvalue of φA.
Since φA is invertible, λ 6= 0. Since the characteristic polynomial χA is real (resp.
self-reciprocal) then λ (resp. λ−1) is another root of χA. Consider the set R(s) =
{λs, λs, λ−1s , λ
−1
s } the roots associated with λs. For λs = as+ ibs 6= 0, for real numbers
as, bs, the cardinality r(s) of R(s) may be 4 (in case bs 6= 0), or 2 (in case bs = 0 and
as 6= 0, 1) or 1 (in case λs = 1).
We shall prove that µs :=
∑
µ∈R(s)
|µ| ≥ r(s) with equality if and only if λs has
modulus one. The wanted bound follows.
Indeed, write λs = c(a+ ib) 6= 0 in polar form, that is a, b, c are real numbers with
c > 0 and a2 + b2 = 1. In case r(s) = 2 then µs = c + c
−1, which is an increasing
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function at the interval [1,∞). Therefore with a minimal value 2 at 1. In case r(s) = 4
then
µs = (|c(a+ ib)| + |c−1(a+ ib)|) + (|c(a− ib)| + |c−1(a− ib)|) ≥ 4
with equality if and only if c = 1.
Next, an application of Schwartz inequality yields,
e(A)2 = (
n∑
i=1
|λi|)2 ≤ n
n∑
i=1
|λi|2 = n||φA||2
Moreover,
||φA||2 =
n∑
i=1
|λi|2 ≤ nρ2A
Finally, if A is of cyclotomic type then all λi have modulus one. Conversely, if
e(A) = n, then µs =
∑
µ∈R(s)
|µ| = r(s) and |λs| = 1, for all s = 1, . . . , n. If it is the
case that e(A) =
√
n||φA|| then
(
n∑
i=1
|λi|)2 = n
n∑
i=1
|λi|2
which implies that all |λi| have a common value. Since the set of eigenvalues of φA is
closed under multiplicative inverses, then this common value may only be 1. In any
case, A is of cyclotomic type. 
Remark: Alternatively, the first inequality in the Theorem above may be seen as
a consequence of the arithmetic mean-geometric mean inequality. Indeed, for the set
of non-negative numbers {|λ1|, . . . , |λn|} we get
e(A) = n
n∑
i=1
|λi|
n
≥ n
(
n∏
i=1
|λi|
) 1
n
= n(|det (φA)|) 1n = n.
3.3. Mahler measure. Given a Laurent polynomial P (z) with integer coefficients,
its Mahler measure M(P ) is defined as the geometric mean of the function |P | over
the real circle, that is,
M(P ) = exp(
∫ 1
0
log(|P (e2πit)|)dt
For a polynomial in one variable, Mahler obtained the more elementary expression
for the measure given in the Introduction, see [29].
Kronecker’s result implies that M(P (T )) = 1 precisely when P (T ) is a product
of cyclotomic polynomials and a monomial of the form Tm. Rather little is known,
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however, about values of the Mahler measure near 1. In 1933, D. H. Lehmer found
that the polynomial
T 10 + T 9 − T 7 − T 6 − T 5 − T 4 − T 3 + T + 1
has Mahler measure µ0 = 1.176280..., and he asked if there exist any smaller values
exceeding 1. This question of determining whether 1 is a limit point for the Mahler
measure is known as Lehmers problem.
In a forthcoming publication we show that for an accessible algebra A not of cyclo-
tomic type there is a convex subcategory B of A satisfying the following properties:
(a) B is minimal not of cyclotomic type, that is, if C is any proper convex subcat-
egory of B, then C is of cyclotomic type;
(b) the Mahler measure of B is M(χB) ≥ µ0.
3.4. Proof of Theorem 1. The equivalence of (1), (2), (4) and (6) follows from
Kronecker’s theorem. The remaining equivalences follow from (3.2). 
4. On the decomposition of the Coxeter polynomial of an algebra of cyclo-
tomic type
4.1. Let A be an algebra with n vertices whose Coxeter polynomial decomposes as
χA =
∏
m∈M Φm(T )
e(m) for some subset M of N and integers e(m) ≥ 1. Several
conditions on the coefficients of χA =
n∑
i=0
aiT
i and of the polynomials Φm follow, for
instance:
(1)
∑
m∈M
e(m)φ(m) = n, which follows from the degree calculation, where φ(−) is
Euler’s totient function;
(2) if 1 ∈M then e(1) is an even number, which follows from the fact that Φm for
m 6= 1, as well as χA(T ), are self-reciprocal polynomials, but Φ1(T ) = T − 1 is not
so, while Φ1(T )
2 = T 2 − 2t+ 1 is self-reciprocal;
(3)
∑
m∈M
e(m)µ(m) = −a1, which follows from the fact that the linear coeffi-
cient of Φm(T ) is a1(Φm(T )) = −µ(m). Use that a0(Φm(T )) = 1 for m 6= 1 and
a0(Φ1(T )
e(1)) = 1.
Theorem. Let A be an algebra whose Coxeter polynomial factorizes as χA(T ) =∏
m∈M Φm(T )
e(m) for some subset M of N and integers e(m) ≥ 1. Set ǫ(m) = 0 if
m ∈ M and ǫ(m) = 1 if m /∈ M . For any prime number p, let M(p) (resp. M ′(p))
be the set of those m ∈ M of the form m = ps (resp. m = 2ps) for some 1 ≤ s. Let
f(p) =
∑
ps=m∈M(p)
e(m) and f ′(p) =
∑
2ps=m∈M ′(p)
e(m). Then
(a) χA(1) = ǫ(1)
∏
m∈M(p) p
e(m) = ǫ(1)
∏
p prime p
f(p)
(b) χA(−1) = ǫ(2) 2e(1)
∏
m∈M ′(p) p
e(m) = ǫ(2) 2e(1)
∏
p prime p
f ′(p). Moreover, if this
number is not zero then, for each prime 2 ≤ p, the number f ′(p) is even.
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Proof. (a) According to [34], the evaluation Φm(1) = 1 if m 6= 1 and m 6= ps, for all
prime p. Otherwise, Φ1(1) = 0 or Φps(1) = p. Then the evaluation
χA(1) =
∏
m∈M
Φm(1)
e(m) = ǫ(1)
∏
m∈M(p)
pe(m)
(b) According to [34], the evaluation Φm(−1) yields Φm(−1) = −2 if m = 1,
Φm(−1) = 0 if m = 2, Φm(−1) = p if m = 2ps with p a prime number and s ≥ 1 and
Φm(−1) = 1 otherwise. Therefore
χA(−1) =
∏
m∈M
Φm(−1)e(m) = ǫ(2) 2e(1)
∏
m∈M ′(p)
pe(m)
Assume χA(−1) = r2 > 0 for some integer r, then for any prime 2 < p∏
m∈M ′(p)
pe(m) = p
∑
m∈M′(p)
e(m)
is an even power of p. For p = 2, use additionally that e(1) is an even number. The
claim follows. 
5. More examples
5.1. Tensor products of polynomials and algebras. Given two monic integral
polynomials f(T ) with roots a1, . . . , an and g(T ) with roots b1, . . . , bm, the tensor
product of f(T ) and g(T ) is
f(T )⊗ g(T ) =
n∑
i=1
m∑
j=1
(T − aibj)
By [9], the polynomial f(T ) ⊗ g(T ) is integral of degree degree(f(T ))degree(g(T )).
An important problem is to find the irreducible decomposition of f(T )⊗ g(T ).
We are interested in calculating Φ6(T )⊗Φm(T ) for m ∈ Z. It is easy to show that
Φm(T )⊗ Φr(T ) = Φmr(T ), whenever m, r are relative prime.
We observe the following facts:
• Φ6(T )⊗ Φ2(T ) = Φ3(T )
• Φ6(T )⊗ Φ3(T ) = Φ1(T )2Φ2(T )2
• Φ6(T )⊗ Φ4(T ) = Φ12(T )
• Φ6(T )⊗ Φ6(T ) = Φ2(T )2Φ3(T )
• Φ6(T )⊗ Φ12(T ) = Φ4(T )2Φ12(T )
As it is easy to verify. For instance, we check the two last claims. Let a and b be
the roots of Φ6(T ) = T
2 − T + 1. The roots of Φ6(T )⊗ Φ6(T ) are a2 = a − 1 = −b,
b2 = −a and ab = 1 = ba. Let ci = exp(2πi12 ), for i = 1, 5, 7, 11, be the roots of
Φ12(T ) = T
4 − T 2 + 1. The roots of Φ6(T )⊗ Φ12(T ) are ac1, ac7 and bc5, bc11 which
are roots of Φ4(T ) and ac5 = c7, ac11 = c1, bc1 = c11, bc7 = c5.
According to [9], for m = 2r3sq, where 2 and 3 do not divide q, we have:
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• Φ6(T ) ⊗ Φm(T ) = Φm(T )2, in case r > 1 and s > 1, other products have more
complex expressions.
5.2. As observed by Ladkani, see [20] and also [15], at the level of algebras we have:
Proposition. Let A and B be algebras of cyclotomic type. Then A⊗B is an algebra
of cyclotomic type with
χA⊗B = χA ⊗ χB
As a particular example, the algebra R2n with 2n vertices and whose quiver is given
as
1 //

2 //

3 //

· · · // n

1′ // 2′ // 3′ // · · · // n′
with all commutative relations has Coxeter polynomial
χ2n = χAn ⊗ χA2 = vn+1 ⊗ v3
which is a product of cyclotomic polynomials, see [19].
5.3. Repetitive algebras. Let A be a triangular algebra with n vertices. Consider
the double repetitive algebra
A(2) =
(
A D(A)
0 A
)
making use of the A−A-bimodule structure of D(A).
The Cartan matrix C
(2)
A , its inverse and the Coxeter matrix φ
(2)
A of A
(2) are
C
(2)
A
=
(
CA C
t
A
0 CA
)
, (C
(2)
A
)−1 =
(
C−1
A
−C−1
A
Ct
A
C−1
A
0 C−1
A
)
and φ
(2)
A
=
(
0 −idn
φ2
A
φA
)
Consider an eigenvector u of φA with eigenvalue λ. Let a1 and a2 be the roots of the
equation x2 − λx+ λ2 = 0. Therefore am = 1+(−1)
m
√−3
2
λ, for m = 1, 2. Then
φ
(2)
A
(
u
−amu
)
=
(
amu
φ2
A
(u)− amφA(u)
)
= am
(
u
−amu
)
Therefore the eigenvalues of φ
(2)
A are of the form
1±√−3
2
λ for eigenvalues λ of φA.
Proposition. If A is an algebra of cyclotomic type then the double repetitive algebra
is also of cyclotomic type with χA(2) = Φ6 ⊗ χA.
Proof. Just observe that |1±
√−3
2
| = 1. 
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5.4. Groups of automorphisms. Let A = kQ/I be a triangular algebra given as a
quiver algebra kQ with an ideal I, equipped with a groupG of automorphisms induced
by automorphisms of Q. Each g ∈ G induces a permutation matrix γ(g) ∈ GLn(Z)
which is called a symmetry. The representation γ : G → GLn(Z) is called the
canonical representation. Clearly, φA is an automorphism of γ. We shall recall well-
known results concerning the action of G on A.
Let R1, . . . , Rq be a set of representatives of the irreducible Q-representations of G,
where R1 is the trivial representation. By Maschke´’s theorem, there exists an invert-
ible rational matrix L such that the conjugate representation γL has a decomposition
γL =
q⊕
α=1
Rr(α)α .
The dimension of Rα is denoted by dimRα, that is, Rα : G→ GLdimRα(Z). Then
we have n =
q∑
α=1
r(α)dimRα. Since φA is an automorphism of γ, by Schur’s lemma,
the conjugate φLA(:= LφAL
−1) takes the block diagonal form
φLA =


φ1 0
. . .
0 φq


where φα : R
r(α)
α → Rr(α)α is an automorphism, that is, φα ∈ GLr(α)dimRα(Z).
Therefore we get a factorization
χA(T ) = χφ1(T ) . . . χφq(T )
where χφα(T ) ∈ Z[T ] is the characteristic polynomial of φα. In particular, χA(T ) has
at least |{α : r(α) > 0}| factors.
Let S1, . . . , Sm be a set of representatives of the irreducible C-representations of G.
Let S1 be the trivial representation. Then m is the number of conjugacy classes of G.
There is a conjugate γM of γ with a decomposition
γM =
m⊕
β=1
S
n(β)
β .
Let χβ be the character corresponding to Sβ, that is χβ : G → C∗, g 7→ trSβ(g).
The characters 1 = χ1, . . . , χm form an orthonormal basis of the class group X(G),
with the scalar product
〈χ, χ′〉 = 1|G|
∑
g∈G
χ(g)χ′(g).
The following holds:
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• For any g ∈ G, χγ(g) is the number of fixed points of g on the vertices of A.
• Burnside’s lemma: the number of orbits of vertices of A is
t0(G) =
1
|G|
∑
g∈G
χγ(g).
Moreover, n(1) = t0(G) = r(1).
Proposition. If A has non-trivial symmetries, then χA(T ) is not irreducible over
Z[T ]. Moreover the following holds:
(a) χA(T ) accepts a factor of degree ≤ t0(G);
(b) in case A is of cyclotomic type, there is a factor Φm(T ) of χA(T ) with m ≤
t0(G)
2.
Proof. Consider e1, . . . , en the canonical basis of K0(A) = Z
n. Consider the subspace
V of G-invariant vectors in K0(A)⊗Q. Then dimQV = t0(G).
(a): For a decomposition K0(A) ⊗ Q = V ⊕ V ′ the transformation φA takes the
form (
φ1 ∗
0 φ2
)
which yields χA(T ) = χφ1(T )χφ2(T ) with degree(χφ1(T )) = t0(G).
(b): Assume that χA(T ) =
∏
m∈M Φm(T )
e(m) for some set M ⊂ N and numbers
e(m) ≥ 1. Then there is some m0 ∈M satisfying
φ(m0) = degree(Φm0(T )) ≤ t0(G).
By [17], the totient function satisfies φ(m) ≥ √m, except for m = 2 and m = 6. We
distinguish two situations:
(i): Assume t0(G) ≥ 3. If m0 = 2 or 6 then m0 ≤ t0(G)2. Otherwise m0 ≤
φ(m0)
2 ≤ t0(G)2.
(ii): Assume t0(G) ≤ 2. We observe that t0(G) is the number of orbits of vertices
of Q under the action of G. Since A is triangular, there are at least two orbits,
one corresponding to sources and another corresponding to sinks in Q. Therefore
t0(G) = 2 and all sources belong to an orbit Gi0 and all sinks to an orbit Gj0.
In case G fixes i0 then Q has the following shape
i0
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
""❊
❊❊
❊❊
❊❊
❊❊
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
j1 j2 · · · jm−1 jm
with G the group of permutations Sm for m ≥ 2. We observe that
χA = (T
2 − (m− 2)T + 1)(T + 1)m−1
which is a product of cyclotomic polynomials only if m ≤ 4. In this situation Φ1 is a
factor of χA.
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In case G acts freely on vertices of Q then the quotient A→ B = A/G under the
action of G is a Galois quotient in the sense recalled in the next section. Then B is
the algebra of the quiver with two vertices a and b and m ≥ 2 arrows from a to b. Its
characteristic polynomial is
χB = T
2 − (m2 − 2)T + 1
We shall prove in that, along with χA, the polynomial χB is cyclotomic. This is
possible only if m = 2. Therefore G is cyclic and Q has the shape
i0
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
  ❅
❅❅
❅❅
❅❅
❅
js j0
is
OO
// · · · i1
OO
oo
which has Coxeter polynomial
χA = (T − 1)2(T s + T s−1 + . . .+ T + 1)2
and accepts Φ1 as a factor. 
5.5. Galois quotients. Let A = kQ/I be an algebra given as a quiver algebra kQ
with an ideal I, equiped with a group G of automorphisms induced by automorphisms
of Q acting without fixed vertices. Then the quotient B = A/G is an algebra with
a presentation B = kQ/I where Q = Q/G is the quotient defined by the action of
G on the quiver Q. We say that B is a Galois quotient of A and we say that A is
a Galois cover of B defined by the group G, we write B = A/G. We say that B is
simply connected if whenever B = A/G is a Galois quotient then G is trivial.
Proposition. Let B = A/G be a Galois quotient algebra of A. If A is an algebra of
cyclotomic type then B is of cyclotomic type.
Proof. Consider the Cartan matrix CA of A. The columns pi = eiCA of CA, for
i = 1, . . . , n, are the dimension vectors of the indecomposable projective A-modules
Pi = Aei. Correspondingly, the indecomposable projective B-module P s = Bes has
dimension vector ps = esCB, where s = 1, . . . , m runs among the classes of the action
of G on the vertices of Q.
Assume that A is of cyclotomic type. Let λ be an eigenvalue of φB = −CBC−tB
with associated eigenvector u ∈ K0(B). We shall prove that λ is an eigenvalue of φA
which implies that λ is a root of unity.
Indeed, define v ∈ K0(A) a vector v(i) = u(s), where s = Gi. Then
λ(vCtA)(i) = λ
n∑
j=1
v(j)pj(i) = λ
m∑
t=1
u(t)
(∑
g∈G
pg(j)(i)
)
=
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= λ
m∑
t=1
u(t)pt(s) = λ(uC
t
B)(s) = −(uCB)(s)
and (uCB)(s) = (vCA)(i) by the same argument. Thus λvC
t
A = −vCA as we wanted
to prove. 
5.6. Canonical and supercanonical algebras. A canonical algebra Λ is deter-
mined by a weight sequence p = (p1, . . . , pt) of t integers pi ≥ 2 and a parameter
sequence λ = (λ3, . . . , λt) consisting of t − 2 pairwise distinct non-zero scalars from
the base field k. (We may assume λ = 1 such that for t ≤ 3 no parameters occur).
Then the algebra Λ is defined by the quiver
◦ x1 // ◦ x1 // · · · ◦ x1 // ◦ x1
##❍
❍❍
❍❍
◦ x2 //
x1 ;;✈✈✈✈✈
xt ##❍
❍❍
❍❍
◦ x2 // ◦ x2 // · · · ◦ x2 // ◦ x2 // ◦
◦ xt // ◦ xt // · · · ◦ xt // ◦
xt
;;✈✈✈✈✈
satisfying the t− 2 equations:
xpii = x
p1
1 − λixp22 , i = 3, . . . , t.
For more than two weights, canonical algebras are not hereditary. Instead, their
representation theory is determined by a hereditary category, the category cohX of
coherent sheaves on a weighted projective line X, naturally attached to Λ, see [8].
Proposition. Let Λ be a canonical algebra. Then Λ is the endomorphism ring of
a tilting object in the category cohX of coherent sheaves on the weighted projec-
tive line X. The category cohX is hereditary and satisfies Serre duality in the form
DExt1(X, Y ) = Hom(Y, τX) for a self-equivalence τ which serves as the Auslander-
Reiten translation. 
Canonical algebras were introduced by Ringel [35]. They form a key class to study
important features of representation theory. In the form of tubular canonical algebras
they provide the standard examples of tame algebras of linear growth. Up to tilting
canonical algebras are characterized as the connected k-algebras with a separating
exact subcategory or a separating tubular one-parameter family (see [23] and [39]).
That is, the module category modΛ accepts a separating tubular family T = (Tλ)λ∈P1k,
where Tλ is a homogeneous tube for all λ with the exception of t tubes Tλ1 , . . . , Tλt
with Tλi of rank pi (1 ≤ i ≤ t). The Coxeter polynomial of Λ is given by
χΛ = (x− 1)2
t∏
i=1
vpi.
In particular, canonical algebras are of cyclotomic type.
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Following [24], a supercanonical algebra is defined as follows: The double cone Sˆ
of a finite poset S is the poset obtained from S by adjoining a unique source α and
a unique sink ω, like in the pictured example
◦ ◦
((❘❘
❘❘❘
❘❘❘
S : ◦ // ◦
<<③③③
// ◦ // ◦ Sˆ : α // ◦ // ◦
<<③③③
""❉
❉❉
ω
◦ // ◦
<<②②②
Due to commutativity there is a unique path κS from α to ω in Sˆ. Let now S1, . . . , St
be finite posets, t ≥ 2 and λ3, . . . , λt pairwise different elements from k \ {0}. The
supercanonical algebra A = A(S1, . . . , St;λ3, . . . , λt) is obtained from the fully com-
mutative quivers Sˆ1, . . . , Sˆt by identification of the sources and sinks, respectively,
and requesting additionally the t − 2 relations κi = κ2 − λiκ1, i = 3, . . . , t, where
κi = κSi. The next figure yields an example of a supercanonical algebra with three
arms
◦ // ◦ // ◦
((◗◗
◗◗◗
◗
◦ //
66♠♠♠♠♠♠
!!❈
❈❈
❈❈
❈❈
◦ // ◦ // ◦
◦
((◗◗
◗◗◗
◗
◦
66♠♠♠♠♠♠
((◗◗
◗◗◗
◗ ◦
==④④④④④④④
◦
66♠♠♠♠♠♠
where we assume that κ3 = κ2 − κ1. In case, S1, . . . , St are linear quivers Si =
[pi] : 1 → 2 → · · · → pi−1, the algebra A(S1, . . . , St;λ1, . . . , λt) is just the canonical
algebra Λ(p1, . . . , pt;λ3, . . . , λt).
Returning to the general case, a simple calculation shows that
χA = (x− 1)2
t∏
i=1
χSi
where χSi is the Coxeter polynomial of the poset algebra Si, i = 1, . . . , t. In particular,
in case every poset algebra k[Si] is of cyclotomic type, for i = 1, . . . , t then the
supercanonical algebra A is of cyclotomic type.
5.7. One-point extensions of canonical algebras. For detailed results related
to one-point extensions by exceptional modules over canonical algebras we refer to
[25, 26].
Let Λ be a canonical algebra of weight type (p1, . . . , pt).
(a) If M is regular simple in the i-th exceptional tube Ti (of τ -period pi), then the
one-point extension Λ[M ] is tilting-equivalent to the canonical algebra of weight type
(p1, . . . , pi + 1, . . . , pt) having the same parameter sequence as Λ.
(b) If M has quasi-length s in Ti (recall this means that s < pi), then Λ[M ] is
derived equivalent to a supercanonical algebra in the sense of [24], where the linear
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arms of the canonical algebra with index different from i are kept, and the i-th linear
arm is changed to the poset K(pi, s)
⋆
1 // 2 // · · · // pi − s //
55❦❦❦❦❦❦❦
pi − s+ 1 // · · · // pi − 1
We write Λ(i, s) for Λ[M ] and call it a supercanonical algebra of restricted type.
The structure of the bounded derived category of an extended canonical algebra
〈p1, . . . , pt〉 sensibly depends on the sign of the Euler characteristic χX = 2−
∑t
i=1(1−
1/pi) of the weighted projective line X associated to Λ. According to [26], the de-
scription of the derived category of an extended canonical algebra yields an interesting
trichotomy.
(i) Positive Euler characteristic: Let Λ be a canonical algebra of domestic represen-
tation type (p1, p2, p3), and ∆ be the Dynkin diagram [p1, p2, p3]. Then the extended
canonical algebra 〈p1, p2, p3〉 is derived equivalent to the (wild) path algebra of a
quiver Q having extended Dynkin type ˜˜∆.
(ii) Euler characteristic zero: Consider a canonical algebra with a tubular weight
sequence (p1, . . . , pt), we shall assume that 2 ≤ p1 ≤ p2 ≤ · · · ≤ pt. Then the extended
canonical algebra 〈p1, . . . , pt〉 is derived canonical of type (p1, . . . , pt−1, pt + 1).
(iii) Negative Euler characteristic: Let X be a weighted projective line of negative
Euler characteristic, let A = 〈p1, . . . , pt〉 be the corresponding extended canonical
algebra and R be the Z-graded singularity attached to X. Then the derived category
Der(modA) is triangle-equivalent to the triangulated category of graded singularities
DerZsing(R) of R, where the superscript Z refers to the grading.
5.8. Extended canonical algebras of critical type. In [26] the extended canoni-
cal algebras A with minimal weigth type (p1, p2, . . . , pt) such that Spec (χA(T )) 6⊂ S1
were classified. Recall that such an extended canonical algebra satisfies dimkH
2(A) =
t− 3. In particular, if A is accessible then t = 3. We get the following more precise
statement.
Theorem. Let A be an algebra derived equivalent to an extended canonical algebra
of weight p = (p1, p2, . . . , pt). Suppose that A is not derived equivalent to a canonical
algebra but A is of cyclotomic type then the following holds:
(a) A belongs to the Table below;
(b) suppose that B is an algebra derived equivalent to an extended canonical algebra
of weight q = (q1, q2, . . . , qt) dominated by p then B is of cyclotomic type;
(c) A is accessible if and only if t = 3;
(d) for t = 3 the algebra A is Calabi-Yau.
Statements (a), (b) and (c) are shown in [26], as explained in the next paragraph.
Statement (d) is shown in [28].
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5.9. Write A = C[P ] for a wild canonical algebra C, whose module category is
derived equivalent to cohX for a weighted projective line X, and P an indecomposable
projective C-module. Then χA = PCχC , where PC is the Hilbert-Poincare´ series of
the positively graded algebra R(p, λ) =
∞⊕
n=0
HomC(M, τ
n
CM) and M is a rank one not
preprojective C-module. Equivalently, R(p, λ) =
∞⊕
n=0
Hom(O, τnXO), where O is the
structure sheaf on X. Recall from [21] that in case k = C, we can interpret R(p, λ) as
an algebra of entire automorphic forms associated to the action of a suitable Fuchsian
group of the first kind, acting on the upper half plane H+.
It is well-known that the k-algebra R = R(p, λ) is commutative, graded integral
Gorenstein, in particular Cohen-Macaulay, of Krull dimension two. The complexity
of the surface singularity R is described by the triangulated category
DerZsing(R) =
Derb(modZR)
Derb(projZR)
,
where modZR (resp. projZR) denotes the category of finitely generated (resp. finitely
generated projective) Z-graded R-modules. This category was considered by Buch-
weitz [7] and Orlov [30, 31]. It was shown in [26] that there exists a tilting object
T¯ in the triangulated category DerZsing(R) whose endomorphism ring is isomorphic to
an extended canonical algebra C[P ].
We say that the algebra R(p, λ) (and also the weight sequence p) is formally n-
generated if
PC(T ) =
n−2∏
i=1
(1− T ci)
n∏
j=1
(1− T dj )
for certain natural numbers c1, . . . , cn−2 and d1, . . . , dn, all ≥ 2. The algebra R(p, λ)
(and also the weight sequence p) is formally a complete intersection if PC(T ) is a ra-
tional function f1(T )/f2(T ), where each fi(T ) is a product of cyclotomic polynomials.
In [26] it was shown that the following statements are equivalent:
(a) R(p, λ) is formally 3- or 4-generated;
(b) R(p, λ) is formally a complete intersection;
(c) A is of cyclotomic type.
Moreover, for t = 3 the algebra R(p, λ) is a graded complete intersection of the form
k[X1, . . . , Xs]/(ρ3, . . . , ρs) where s = 3 or 4 and ρ3, . . . , ρs is a homogeneous regular
sequence. For k = C the assertion also holds for t ≥ 4 for R(p, λ′) for a suitable
choice of parameters. λ′ = (λ′3, . . . , λ
′
t).
In case the algebra R = R(p, λ) is formally 3-generated and t = 3 then R is
always a graded complete intersection of the form k[X1, X2, X3]/(f). In a forthcoming
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publication [28] we show that the singularity category DerZsing(R) satisfies the CY
property, in particular showing statement (d) of the above theorem.
In Table, the marks • and ⊓⊔ refer to the case k = C: those weight sequences marked
by • or ⊓⊔ correspond to algebras R(p, λ) associated to hypersurface singularities, in
those cases R(p, λ) is formally 3-generated. The marks • correspond to Arnold’s
14 exceptional unimodal singularities in the theory or singularities of differentiable
maps [21]. Among those weight sequences p = (p1, p2, p3) (that is t = 3), Arnold’s
singularities are exactly those rings of automorphic forms having three generators.
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Weight sequence Factorization of χA Poincare´ series Period of φA
• (2, 3, 7) Φ42 (6, 14, 21) (42) 42
• (2, 3, 8) Φ2 · Φ10 · Φ30 (6, 8, 15) (30) 30
• (2, 3, 9) Φ3 · Φ12 · Φ24 (6, 8, 9) (24) 24
(2, 3, 10) Φ2 · Φ16 · Φ18 (6, 8, 9, 10) (16, 18) 72
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
• (2, 4, 5) Φ2 · Φ6 · Φ30 (4, 10, 15) (30) 30
• (2, 4, 6) Φ22 · Φ22 (4, 6, 11) (22) 22
• (2, 4, 7) Φ2 · Φ9 · Φ18 (4, 6, 7) (18) 18
(2, 4, 8) Φ22 · Φ4 · Φ12 · Φ14 (4, 6, 7, 8) (12, 14) 84
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
• (2, 5, 5) Φ5 · Φ20 (4, 5, 10) (20) 20
• (2, 5, 6) Φ2 · Φ8 · Φ16 (4, 5, 6) (16) 16
(2, 5, 7) Φ11 · Φ12 (4, 5, 6, 7) (11, 12) 132
(2, 6, 6) Φ22 · Φ3 · Φ6 · Φ10 · Φ12 (4, 5, 6, 6) (10, 12) 60
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
• (3, 3, 4) Φ3 · Φ24 (3, 8, 12) (24) 24
• (3, 3, 5) Φ2 · Φ3 · Φ6 · Φ18 (3, 5, 9) (18) 18
• (3, 3, 6) Φ23 · Φ15 (3, 5, 6) (15) 15
(3, 3, 7) Φ2 · Φ3 · Φ4 · Φ10 · Φ12 (3, 5, 6, 7) (10, 12) 60
• (3, 4, 4) Φ2 · Φ4 · Φ16 (3, 4, 8) (16) 16
• (3, 4, 5) Φ13 (3, 4, 5) (13) 13
(3, 4, 6) Φ2 · Φ3 · Φ9 · Φ10 (3, 4, 5, 6) (9, 10) 90
(3, 5, 5) Φ2 · Φ5 · Φ8 · Φ10 (3, 4, 5, 5) (8, 10) 40
• (4, 4, 4) Φ22 · Φ24 · Φ6 · Φ12 (3, 4, 4) (12) 12
(4, 4, 5) Φ2 · Φ4 · Φ8 · Φ9 (3, 4, 4, 5) (8, 9) 72
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
⊓⊔ (2, 2, 2, 3) Φ22 · Φ18 (2, 6, 9) (18) 18
⊓⊔ (2, 2, 2, 4) Φ22 · Φ14 (2, 4, 7) (14) 14
⊓⊔ (2, 2, 2, 5) Φ22 · Φ3 · Φ6 · Φ12 (2, 4, 5) (12) 12
(2, 2, 2, 6) Φ22 · Φ8 · Φ10 (2, 4, 5, 6) (8, 10) 40
⊓⊔ (2, 2, 3, 3) Φ2 · Φ3 · Φ4 · Φ12 (2, 3, 6) (12) 12
⊓⊔ (2, 2, 3, 4) Φ22 · Φ5 · Φ10 (2, 3, 4) (10) 10
(2, 2, 3, 5) Φ2 · Φ7 · Φ8 (2, 3, 4, 5) (7, 8) 56
(2, 2, 4, 4) Φ22 · Φ4 · Φ6 · Φ8 (2, 3, 4, 4) (6, 8) 24
⊓⊔ (2, 3, 3, 3) Φ23 · Φ9 (2, 3, 3) (9) 9
(2, 3, 3, 4) Φ2 · Φ3 · Φ6 · Φ7 (2, 3, 3, 4) (6, 7) 42
(3, 3, 3, 3) Φ2 · Φ33 · Φ26 (2, 3, 3, 3) (6, 6) ∞
⊓⊔ (2, 2, 2, 2, 2) Φ42 · Φ10 (2, 2, 5) (10) 10
⊓⊔ (2, 2, 2, 2, 3) Φ32 · Φ4 · Φ8 (2, 2, 3) (8) 8
(2, 2, 2, 2, 4) Φ22 · Φ3 · Φ26 (2, 2, 3, 4) (6, 6) ∞
(2, 2, 2, 3, 3) Φ22 · Φ3 · Φ5 · Φ6 (2, 2, 3, 3) (5, 6) 30
(2, 2, 2, 2, 2, 2) Φ52 · Φ4 · Φ6 (2, 2, 2, 3) (4, 6) 12
Table Weights p with ρ(φA) = 1.
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6. Algebras of cyclotomic type and the homological quadratic form
6.1. Let A be an algebra of cyclotomic type. As observed in [20, 25] the transfor-
mation φA is not necessarily periodic. As we remarked before, φA is periodic if and
only if A is of cyclotomic type and φA is diagonalizable.
The following result follows [16], see also [25, 37].
Theorem. If hA is non-negative, then A is of cyclotomic type. Moreover, if hA is
positive definite then φA is diagonalizable and periodic.
Proof. Let C be any invertible positive upper triangular matrix and h(x) = xt(C−1+
C−t)x, for x ∈ K0(A), an associated quadratic form. Assume h(x) is positive definite,
we shall prove that all eigenvalues of −CC−t have modulus one.
Indeed, if C−tu = −λC−1u for an eigenvalue λ of −CC−t and a complex vector
u 6= 0, since 0 < h(u) = utC−tu = −λutC−1u then ||λ|| = 1. In particular, this shows
that hA positive definite implies A cyclotomic.
Assume that hA is non-negative. Choose ǫ > 0 such that
Cǫ = CA
∞∑
i=0
(−1)i(ǫCA)i
converges. Therefore C−1ǫ = C
−1
A (1 + ǫCA) and the real quadratic form
hǫ(x) = x
tC−1ǫ x = x
tC−1A x+ ǫx
tx
is positive definite.
Since limǫ→0 hǫ = hA and the eigenvalues of hǫ have modulus one, for every ǫ > 0,
then the same holds for the eigenvalues of hA. That is, A is of cyclotomic type.
Assume that hA is positive definite. Following [?] we show that φA = −CAC−tA is
diagonalizable. Indeed, suppose, to get a contradiction, that v is an eigenvector of
φA with eigenvalue λ and 0 6= u is a vector with φAu− λu = v. We get
(1) −C−tA u− λC−1A u = C−1A v
(2) −C−tA v = λC−1A v.
Therefore, from (2), utC−tA v = −λutC−1A v. Taking transpose and conjugate, this
yields, vtC−1A u = −λvtC−tA u. Since ||λ|| = 1, equation (1) implies hA(v) = vtC−tA v = 0,
contradicting the positivity of hA.
Finally, φA is equivalent to a diagonal matrix D whose diagonal entries are roots
of unity. Thus φA is periodic. 
6.2. In certain cases the non-negativity of hA is related to the representation type of
A, see for example [33] and the next paragraph. On the other hand, there are pairs
of algebras A and B with hA = hB and such that A is representation tame while B
is representation wild. We show a sequence of such pairs.
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For each number n ≥ 7, consider the quiver
5 // · · · // n− 1
##❋
❋❋
❋
Qn : 1 // 2
AA✄✄✄
''◆◆
◆◆
◆◆
◆ n
3
55❦❦❦❦❦❦❦❦❦❦❦
4
OO
Let An be the quotient of the path algebra kQn determined by the commutativity
relation and Bn the quotient of kQn where the long path of length n− 4 from 2 to n
vanishes. Then hAn = hBn which is a positive definite quadratic form. Observe that
An is representation finite while Bn is a wild algebra.
6.3. Consider the poset
1
%%❑❑
❑❑
❑❑
Dn : 3 // 4 // · · · // n
2
99ssssss
The supercanonical algebra A = A((1), (1), Dn; 1) is a pg-critical algebra, that is a
tame algebra which is minimal not of polynomial growth. Any pg-critical algebra is
derived equivalent to an algebra of the form A((1), (1), Dn; 1), see [23].
A semichain poset is a full convex subcategory of the poset
1
✾
✾✾
✾✾
✾✾
✾✾
// 2
✿
✿✿
✿✿
✿✿
✿✿
✿
// · · · · · · m− 1 //
##●
●●
●●
●●
●●
●●
m
''◆◆
◆◆
◆◆
D(n,m) : 2m // · · · // n
1′ //
BB✆✆✆✆✆✆✆✆✆
2′
AA☎☎☎☎☎☎☎☎☎
// · · · · · · (m− 1)′ //
;;✇✇✇✇✇✇✇✇✇✇✇✇
m′
88qqqqqq
In important cases it is easy to determine the periodicity of the Coxeter transfor-
mation. Recall that a supercanonical algebra A = A(S1, . . . , St; λ3, . . . , λt) is said to
be of Dynkin class if each poset Si is of Dynkin type. In that case, let p(Si) be the
period of φSi.
Theorem. Let A = A(S1, . . . , St; λ3, . . . , λt) be a supercanonical algebra of Dynkin
class. Let p = lcm(p(S1), . . . , p(St)) and B = A/(α) be the algebra obtained by
deleting the source α.
The following are equivalent:
(a) φA is periodic;
(b) φpA = 1 and p is the exact period of φA;
(c) hA is non-negative and rad hA has rank two;
(d) hB is non-negative and rad hB has rank one.
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7. On the structure of Auslander-Reiten components of algebras of cyclo-
tomic type
7.1. Let A be an algebra of cyclotomic type and χA =
∏
m∈M Φ
e(m)
m be an irreducible
decomposition of its Coxeter polynomial.
Consider the bounded derived category Der(A) = Derb(modA) and let Γ = ΓDer(A)
be the corresponding Auslander-Reiten quiver. Recall that for any class [X ] ∈
K0(Der(A)) and X → Y → Z → T (X) an Auslander-Reiten triangle then [T (X)] =
φA([X ]).
Theorem. Every component of Γ is either a tube ZA∞/(p) of finite period p where
p = φ(m) for some m ∈ M or of the form Z∆ for ∆ a Dynkin or extended Dynkin
diagram or of one of the shapes A∞, A∞∞ or D∞.
Proof. By [41], every component is either a tube or of the shape Z∆ for some infinite
quiver ∆ which is locally finite and without oriented cycles.
Consider the case of a component C of shape Z∆ in Γ. We will show that a growth
argument restricts the possible shapes of ∆. We need some preparation. Fix a vertex
x0 in C with corresponding class X0 ∈ K0(Der(A)). For each n ∈ N the Auslander-
Reiten translation xn = T
n(x0) with corresponding class Xn ∈ K0(Der(A)). Consider
the function
c(n) =
∑
i∈Q0
[Xn](i)
which is the restriction of an additive function on the subcategory C(x0) of C formed
by the predecessors of x0. Consider the complete section ∆ with x0 as unique sink
and c0 : ∆ → Z the vector obtained as restriction of the function c to ∆. Then
c(n) = φn
∆
(c0)(x0).
In case ∆ is not one of the indicated graphs, the growth of (φn
∆
)n∈N is exponential,
as it is shown in [41]. This completes the claim on the shape of ∆.
Let C be a tubular component of shape ZA∞/(p) in Γ. Let X1, X2, . . . , Xp be
objects on the mouth of C. Let V be the subspace of K0(Der(A))⊗ C generated by
the Xi. Then V is a φA-invariant subspace. Assume K0(Der(A))⊗C = V ⊕W then
φA takes the form (
φ1 0
∗ φ2
)
Then χA = χφ1χφ2 and since φ1 is an irreducible matrix then χφ1 is an irreducible
factor of χA. That is χφ1 = Φm for some m ∈M . Then p = φ(m). 
7.2. Let A be a triangular algebra and Γ the Auslander-Reiten quiver of its derived
category Der(A). The class quiver [Γ] of A is formed by the quotients [C] of compo-
nents C of Γ obtained by identifying X, Y ∈ C if [X ] = [Y ] in K0(Der(A)). Observe
that, according to [10], [C] = C for any component of Γ with the possible exception
of [ZA∞] = ZA∞/(p) for some p.
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Theorem. Let A be a triangular algebra and Γ the Auslander-Reiten quiver of its
derived category Der(A). Then the following holds:
(a) if A satisfies the CY property then φA is periodic;
(b) every component of [Γ] is a tube if and only if φA is periodic.
If (b) holds then,
(c) A is of cyclotomic type, and
(d) if p1, . . . , ps are the periods > 1 of non-homogeneous tubes in [Γ] then
s∑
i=1
pi ≤ n.
Proof. Let C be a tubular component of shape ZA∞/(p) in [Γ]. As above we may
prove that there is an irreducible factor fp(T ) of χA(T ) of degree p.
Assume that every component of [Γ] is a tube. Consider a maximal set X1, . . . , Xs
in Der(A) satisfying that
(i) [Xi] lies on the mouth of a tube Ti in [Γ] with period pi and fpi(T ) is an
irreducible factor of χA(T ) of degree pi;
(ii) [Xj] does not lie on Ti for j 6= i;
(iii)
∏s
i=1 fpi is a factor of χA(T ).
Clearly,
s∑
i=1
pi = n. In particular, {φmA ([Xi]) : 1 ≤ i ≤ s, 0 ≤ m < pi} is a basis of
K0(Der(A)). Therefore φA is periodic which implies that A is of cyclotomic type.
Conversely, assume that φA is periodic. Let C be a component of shape Z∆ in Γ.
Observe that the classes [X ] for X ∈ C are periodic. Hence by [10], [C] is a tube, that
is, ∆ has the shape ZA∞. 
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